In this work a theoretical and experimental thermal behaviour study of optical fibres with a high-purity SiO 2 core transporting concentrated radiative energy is carried out. A theoretical unidimensional model for the simultaneous transport of heat by conduction and radiation in optical fibres, including the heat losses by convection at the surface, is developed. This model considers a constant linear absorption coefficient and it is solved analytically. An experimental method to determine the linear coefficient of absorption is developed. The time evolution of the axial temperature distribution of two kinds of fibres is recorded and compared with the theoretical predictions. These experimental results validate the theoretical model proposed.
Introduction
In the literature, few studies about the transport of concentrated solar energy through optical fibres are reported. Since 1975, some of these studies have been addressed to analyse theoretically or experimentally the use of optical fibres to transport this type of energy [1] [2] [3] [4] [5] [6] [7] [8] [9] . On the other hand, other studies were addressed to develop different applications for the solar energy carried by optical fibres [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In previous works [20, 21] , we developed a theoretical bidimensional model to study the thermal behaviour of optical fibres transmitting concentrated solar energy. We obtained an energy equation for the simultaneous conduction and radiation of heat through optical fibres. We studied the coupling between a small parabolic mirror and an optical fibre. In those thermal studies we considered a linear wavelength-dependent absorption coefficient. We obtained the time evolution of the temperature distribution by a finite-difference method. In another article [22] we use a model based on Maxwell's equations and the Drude-Lorentz theory to determine the non-linear wavelength-dependent absorption coefficient for the maximum solar energy that can be transported using SiO 2 optical fibres. We showed that the non-linear part of 1 Present address: Instituto de investigaciones electricas, Au. Reforma No 113 Col. Palmira, Temixco, Morelos, Mexico 62490 the absorption coefficient for this kind of fibres during the transport of concentrated solar energy achieved by a circular concentrator is negligible.
In this paper, we turn our attention back to the thermal problem. The main purpose of this research is to have a useful and reliable theoretical model to predict the thermal behaviour of an optical fibre during the transmission of concentrated radiative energy. Thus, the experimental validation of this model is of utmost importance. In section 2, we analyse theoretically the thermal behaviour of the SiO 2 optical fibre. We propose a unidimensional model. The advantage of this new model over the previous one [21] is that it can be solved analytically because it is easier to implement. In section 3, we describe an experimental design to estimate the value of the linear absorption coefficient. We also describe the experimental device, the instrumentation, and the experimental methodology to measure the time evolution of the temperature distribution of an optical fibre during the transmission of concentrated radiative energy. The experimental results allow us to validate the theoretical model. The results obtained indicate that the theoretical model will successfully predict the thermal behaviour of optical fibres as elements in a highly concentrated solar energy transmission. 
Theoretical study
In this section we establish an energy equation for the simultaneous conduction and radiation of heat through optical fibres. We include, in the model, heat losses by convection at the surface.
We develop a theoretical unidimensional model that can be solved analytically, to study the thermal behaviour of optical fibres transmitting concentrated radiative energy. This model considers a constant linear absorption coefficient.
We begin to establish the energy equation for simultaneous conduction and radiation in a participating medium [24] ,
where q c (W m −2 ) and q r (W m −2 ) are the conduction and radiation flux vectors, respectively, and f loss (W m −3 ) is a function for the heat losses per unit volume per unit time in the medium. ρ (kg m −3 ) and C p (J kg −1 K −1 ) are the mass density and specific heat of SiO 2 , respectively. T is the temperature, r is the position vector, and t is the time.
Following Fourier's law, the conduction heat-flux vector q c is represented by [24] 
where
is the thermal conductivity of SiO 2 . The radiation-flux vector is obtained from the solution of the equation of radiative heat transfer for an isotropic medium [25] ,
where σ is the Stefan-Boltzmann constant, G 0 (W m −2 ) is the intensity of the incident radiation, and κ L (m −1 ) is the linear absorption coefficient. We neglect emission (of the order of 4σ T 4 because G 0 4σ T 4 ) and assume that the propagation of the incident radiation G 0 occurs along the z-direction. This approximation is valid since a narrow beam of radiation is travelling through the longitudinal axis of the optical fibre core.
Therefore, q r is established from the solution of equation (3),
whereê z is a unit vector pointing into the z-direction.
To simplify the problem of the thermal behaviour of optical fibres during the transport of radiative energy, we develop a unidimensional model. In this model, we suppose that k and G 0 are constants during the process and that volumetric heat loss f loss is established by heat transfer by convection in the optical fibre surface. The mathematical formulation for the energy equation yields
where zA is a volume element of the optical fibre as shown in figure 1 . A (m −2 ) and p (m) are the area and the perimeter of the transversal section, respectively, T amb (
• C) is the ambient temperature, and h R (W m transfer coefficient for the transfer between the lateral surface area of the fibre and the ambient temperature T amb .
Taking into account the Fresnel reflection [26] at the inlet of the optical fibre and grouping terms, we can write from equation (5) the following expression:
is the thermal diffusivity, and r f (-) is the reflection at the inlet of the optical fibre. It is important to note that relations (8) and (9) take into account the thermal resistance R ter (m 2 W −1 K) for concentric cylinders because the optical fibre materials are the core (radius R n and thermal conductivity k), the cladding (radius R 1 and thermal conductivity k 1 ), and the buffer (radius R 2 and thermal conductivity k 2 ).
Equation (6) is defined for 0 < z < L fo and t > 0, where L fo (m) is the length of the optical fibre. The corresponding boundary conditions are given by: for z = 0 and t > 0,
for z = L fo and t > 0,
The initial condition for t = 0 and 0 z L fo is given by
where h 0 is the heat transfer coefficient at z = 0 and h L is the heat transfer coefficient at z = L fo .
Equations (6)- (11) define a boundary-value problem for the heat transport during the transmission of radiative energy through an optical fibre. To solve the set of equations (6)- (11), we perform the following change of variable:
This new variable is split into a steady-state solution and a transient-state solution, namely
Therefore, we write equation (6) as
for 0 < z < L fo and t > 0, and the boundary conditions and initial condition (equations (10) and (11)) are transformed to
for z = 0 and t > 0, and
for z = L fo and t > 0, and finally for t = 0 and 0 z L fo we get
and
The solution for the steady state is obtained from a straightforward calculation, (20) where C 1 , C 2 , and C 3 are defined by
To obtain the solution for the transient state, we consider the new variable
where we used the exponential function properties to construct a new set of equations
for 0 < z < L fo and t > 0, with the boundary conditions and initial condition given by
for z = L fo and t > 0, and
for t = 0 and 0 z L fo . For the sake of an analytical solution, we consider a variable separation of the form
therefore, we can write
FollowingÖsizik's analysis of heat conduction [23] , the solution of equation (30) is established by
where the eigenvalues β n are obtained by solving the transcendental equation
In summary, assembling the partial solutions that we have derived, the global solution for the energy equation (5) is written as
O A Jaramillo et al where the integrals A n , B n , C n , D n , E n , and F n are defined by
with the following constants, Length of the Figure 3 . Schematic representation of the set of lenses. Table 2 . Spatial parameters of the set of lenses.
We use a set of three lenses for the concentration of the radiative energy from the light source to the inlet of the optical fibre. The lenses are of SiO 2 glass of high purity. The first lens, L 1 , is a plano-convex lens with φ 1 = 0.101 m and f 1 = 0.25 m, the second one, L 2 , is a plano-convex lens with φ 2 = 0.076 m and f 2 = 0.057 m, and the third one, L 3 , is a bi-convex lens with φ 3 = 0.101 m and f 3 = 0.25 m, where φ is the diameter of the lens and f is the focal length. A schematic representation of the arrangement of this set of lenses is presented in figure 3 and the spatial parameters of the set of lenses are reported in table 2.
In order to measure the temperature, we use thermocouples type T (No. 36). We use an Oriel (model 70260) radiant power meter and an Oriel (model 70263) thermopile detector [28] to measure the radiative energy. The detector has a uniform response over its sensing area. We use a HewletPackard 34970A data acquisition system [29] , with an HP 34901A multiplexer card [29] , and a personal computer, with an interface HP-IB card (model HP 82341D [29] ), for the acquisition and analysis of the data. Additionally, we use a device (VariAC) that allows the electrical voltage to the lamp to set in order to vary the radiative intensity at the inlet of the optical fibre. In this research, we use two different voltages to the lamp: 115 and 100 V.
It is important to point out that, since the radiative source is an incandescent lamp, and the temperature that reaches its wolfram filament is directly proportional to the electrical voltage to the lamp, by varying this voltage, we vary (at the same time) the total intensity of the radiative energy and its spectral distribution. Therefore, the value of the linear absorption coefficient of the optical fibre will be different for each voltage value. In the next subsection we describe the methodology used for the evaluation of this coefficient.
Methodology for the evaluation of the linear absorption coefficient for an optical fibre
To estimate the linear absorption coefficient of the optical fibre [25] , we establish a linear algebraic equation system from two experiments using different optical fibre lengths, and considering the Fresnel reflection at the inlet of the optical fibre:
where r f is the proportion of the radiative power reflected at the inlet and κ L is the linear absorption coefficient of the optical fibre, defined by
G 0 and G L are the radiative power by unit area at the inlet and the outlet of the optical fibre, respectively, and L fo is the length of the optical fibre. Note that in equations (49) and (50) the subscripts j and k indicate two different lengths of the same kind of optical fibre. Since we have three lengths of each fibre (see table 1), and we take two at a time, we construct three different pairs of linear algebraic equations (49) and (50). In tables 3 and 4, we report the radiative power at the inlet and outlet of the optical fibre as functions of the length of the fibre and the voltage to the lamp, for each kind of optical fibre, respectively.
In table 5 we report the average values of κ L and r f , obtained from the three pairs of equations (49) and (50), for each fibre, for the two different voltages to the lamp.
Methodology for the evaluation of the optical fibre thermal behaviour
To experimentally evaluate the optical fibre thermal behaviour during the transmission of concentrated radiative energy, we measure the radiative intensity-at the inlet O A Jaramillo et al Table 3 . Radiative power at the inlet and outlet for the optical fibre Lumonics. Table 4 . Radiative power at the inlet and outlet for the optical fibre Oriel. (independent variable) and outlet (dependent variable) of the optical fibre-and the temperature (dependent variable) on the optical fibre surface. It is important to stress that we measure the temperature on the surface of the optical fibre because it is practically impossible to measure the temperature in the interior of the fibre without altering the conditions of the radiative energy propagation. The thermocouples, used to measure the surface temperature, were attached on the fibre surface using Omega CC High Temperature Cement. Since the most important changes in temperature are expected to be in the region next to the inlet [21] , they were distributed along the optical fibre surface with more density in that region. The first one is located at 0.005 m from the inlet. We located a thermocouple at every 0.025 m, adding a total of six with that separation. In the middle of the fibre, six thermocouples are located, with a separation between each one of 0.08 m and four thermocouples are fixed at the last part of the optical fibre with a spatial separation of 0.16 m. The idea of using the same spacing of the thermocouples on the surface of each fibre is to facilitate the comparison of the experimental results of both fibres.
We use two different voltages to the lamp (115 and 100 V) and evaluate the two types of optical fibre (Lumonics and Oriel). Therefore, we have four cases of study.
In the next section we present the comparison between the experimental results and the results that are obtained from our theoretical model.
Results and conclusions
To compare the experimental results obtained for the four cases of study with the theoretical model results, we express the increase of the optical fibre temperature relative to the ambient temperature, i.e. we use the change of variable stated in equation (12) .
To evaluate the theoretical temperature (equation (13)), we use the value of the linear absorption coefficient of the optical fibre estimated in the previous section and reported in table 5 in all our studied cases. As stated before, we use the heat transfer coefficients h 0 , h L , and h R as the fit parameters in the theoretical model to reproduce experimental results. In this point we consider that the three values are equals because the heat transfer conditions are the same. The estimated value of this parameter is 8 W m −2 K −1 , which is in the expected range 0-15 W m −2 K −1 for the heat transfer of the optical fibre material and dry air [30] .
In table 6 we report the physical parameters used for the thermal simulation of the Lumonics optical fibre. Figures 4  and 5 show the Lumonics optical fibre temperature as a function of time, at different positions from the fibre inlet, for the two different voltages to the lamp, 115 and 100 V, respectively. Symbols correspond to experimental results and lines to theoretical results. As expected, the fibre temperature at any time, and at any position, is higher for 115 V to the lamp than for the 100 V case.
Figures 6 and 7 show the corresponding functions for the Oriel optical fibre. In table 7 we report the physical parameters for the thermal simulation of the Oriel optical fibre. Note that the cladding of the Oriel optical fibre is Tefzel; therefore we consider the thermal conductivity k 2 = 0.24 W m −1 K −1 . It is important to indicate that in figures 4-7, we report only temperature evolution for the first 10 cm. We note that the remainder of the optical fibre does not present a measurable temperature change. The temperature is higher at the inlet because the radiative energy of some frequencies is absorbed in the first part of the fibre and heats it; this first part of the fibre functions as a frequency filter.
The comparison between the thermal behaviour of the Lumonics optical fibre (figures 4 and 5) and that of the Oriel optical fibre (figures 6 and 7) indicates that the temperature of the Lumonics fibre is higher than the Oriel fibre at the same operating conditions. This is because it has a linear absorption coefficient that is higher than the Oriel optical fibre (see table 5 ) and also because the Lumonics fibre has a reflection at the inlet that is smaller than the Oriel optical fibre, which implies that for the same voltage to the lamp, the radiative power by unit area that enters the Lumonics fibre is greater than that corresponding to the Oriel fibre.
The theoretical model reproduces the thermal behaviour of the optical fibres in the four different studied situations. In all these cases, the theoretical results of the transient behaviour Table 6 . Physical parameters to simulate the thermal behaviour of the optical fibre Lumonics. Table 7 . Physical parameters to simulate the thermal behaviour of the optical fibre Oriel.
For 115 V For 100 We are aware that we compare the temperature distribution measured at the surface with the prediction of the onedimensional model. Nevertheless, the difference between the temperature in the core and the surface is expected to be less than 5% [21] because both optical fibres have small diameter (1 mm). To apply the theoretical model, we consider the heat transfer coefficients as the fit parameters. We note that the transient state is susceptible to slight variations of the magnitude of the heat transfer coefficients that are being considered. However, the steady state does not present the same susceptibility to variations of the heat transfer coefficient. Thus, the theoretical model can be used to understand practical conditions with whatever the value of the heat transfer coefficient in the expected value.
The experimental results validate the theoretical model for the transmission of radiative energy through optical fibres, considering only a fit parameter, which is in the expected range. Although the experiments were done with small energies at the inlet of the optical fibre, we can expect that the theoretical model will continue to be valid for the case of concentrated solar energy, because, as previously demonstrated [22] , the linear model for the absorption coefficient in the optical fibre for the concentrated solar energy range is still valid. Therefore, this study gives a useful and reliable theoretical model to predict the thermal behaviour of an optical fibre during the transmission of concentrated radiative energy.
